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a b s t r a c t
Let Fc(G) denote the circular flow number of a graph G, and r be a rational number. This
note proves the following statement: Let G be a k-edge connected graph with k ≥ 2. (1) If
G has an edge e such that Fc(G− e) ≤ (1− 1/k)r , then Fc(G) ≤ r . (2) If r ≥ 3 is an integer
and G has an edge e such that Fc(G− e) < r , then Fc(G) ≤ r .
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
We consider circulations on finite (multi-)graphs G = (V , E)with vertex set V and edge set E. An orientation D of G is an
assignment of a direction to each edge, and for v ∈ V , D−(v) (D+(v)) is the set of edges whose head (tail) is v. The oriented
graph is denoted by D(G), and d−D(G)(v) = |D−(v)| and d+D(G)(v) = |D+(v)| denote the indegree and outdegree of vertex v in
D(G), respectively. The degree of a vertex v of the undirected graph G is denoted by dG(v) = d+D(G)(v)+ d−D(G)(v).
Let ϕ be a function from the edge set E of the oriented graph D(G) = (V , E) into the real numbers; (D, ϕ) is a nowhere-
zero r-flow on G = (V , E) if 1 ≤ ϕ(e) ≤ r − 1, for all e ∈ E, ande∈D+(v) ϕ(e) =e∈D−(v) ϕ(e), for all v ∈ V . The circular
flow number of G is Fc(G) = inf{r|(D, ϕ) is a nowhere-zero r-flow on G}.
For bridgeless finite graphs, the infimum is a minimum and it is attained at a rational number; see [4]. Flows on graphs
constitute a very active research field in graph theory and there are many well known open conjectures on circular flow
numbers of graphs.
Conjecture 1 (See [3,15]). For every ϵ > 0, there exists an integer kϵ such that Fc(G) ≤ 2 + ϵ for every kϵ-edge connected
graph G.
Conjecture 2 ([13]). If G is a bridgeless graph without 3-edge cuts, then Fc(G) ≤ 3.
Jaeger [6] proved that Fc(G) ≤ 4 for bridgeless graphs without 3-edge cuts. In [2] it is shown that Fc(G) < 4 for 6-edge
connected graphs. Jaeger [7] proposed a weak version of Conjecture 2 saying that there is a positive integer k such that
Fc(G) ≤ 3 for every k-edge connected graph. This conjecture was recently proved by Thomassen [12] (with k = 8).
Furthermore, Thomassen obtained the currently strongest partial result on Conjecture 1.
Conjecture 3 ([13]). If G is a bridgeless graph without Petersen minor, then Fc(G) ≤ 4.
Kochol [9] proved that Fc(G) ≤ 5 for every bridgeless cubic graph without Petersen minor.
E-mail address: es@upb.de.
0012-365X/$ – see front matter© 2012 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2012.05.016
2758 E. Steffen / Discrete Mathematics 312 (2012) 2757–2759
Conjecture 4 ([14]). If G is a bridgeless graph, then Fc(G) ≤ 5.
Conjecture 4 is equivalent to its restriction to cubic graphs and it is proved for highly cyclically connected cubic graphs
in [11]. Seymour [10] proved that Fc(G) ≤ 6 for every bridgeless graph.
Jaeger [7] defined a graph G to be a nearly nowhere-zero 4-flow graph if it has an edge e such that Fc(G − e) ≤ 4.
He remarked that every nearly nowhere-zero 4-flow graph has a nowhere-zero 5-flow. Clearly, if Fc(G − e) exists, then
Fc(G) ≤ Fc(G− e)+ 1, since for e = vw in G there exists a directed path between v andw in G− e. This paper extends this
approach and studies nearly nowhere-zero r-flow graphs, which are graphs Gwith an edge e such that Fc(G−e) ≤ r (2 ≤ r).
It considers the question of which circular flow number of G − e is already sufficient for the existence of a nowhere-zero
r-flow on G. Indeed, it is shown that the difference between Fc(G) and Fc(G− e) can be arbitrarily small.
To be precise, let k ≥ 2 and G be a k-edge connected graph. We prove that if G has an edge e such that Fc(G − e) ≤
(1−1/k)r , then Fc(G) ≤ r . For r ≥ 3 integerwe obtain the even stronger result that ifG has an edge e such that Fc(G−e) < r ,
then Fc(G) ≤ r . That is, the circular flow number will not decrease to cross over an integer. There is an analogous result for
the circular chromatic number. Hajiabolhassan and Zhu [5] proved that if the graph G − e has circular chromatic number
less than an integer r , then G itself has circular chromatic number at most r .
Note that Fc(G− e) is not always smaller than Fc(G). For instance Fc(K3,3) = 3, but K3,3− e is isomorphic to the complete
graph on four vertices, K4, with two subdivided edges and Fc(K4) = 4; i.e. Fc(K3,3 − e) > Fc(K3,3), for all e ∈ E(K3,3).
2. Nearly nowhere-zero r-flow graphs
For the proofs of our results we use balanced valuations of graphs, which were introduced by Bondy [1] and Jaeger [8]. A
balanced valuation of a graph G = (V , E) is a functionw from the vertex set V into the real numbers such that for all X ⊆ V :
|v∈X w(v)| ≤ |∂G(X)|, where ∂G(X) is the set of edges with precisely one end in X . The following fundamental theorem of
Jaeger shows that circular flows and balanced valuations are equivalent concepts.
Theorem 1 ([8]). Let r > 2 be a rational number. A multigraph G = (V , E) has a nowhere-zero r-flow if and only if there is a
balanced valuationw of G such that for each v ∈ V , there is an integer kv ≡ dG(v)(mod 2) andw(v) = kv rr−2 .
A function p : V → Z is a parity weight function of a graph G = (V , E) if p(v) ≡ dG(v)(mod 2). For instance, consider the
balanced valuation w(v) = kv rr−2 of Theorem 1. The function w˜ with w˜(v) = kv is a parity weight function of G with the
additional property that

v∈V (G) w˜(v) = 0.
Lemma 1. If w is a parity weight function of the graph G = (V , E), thenv∈S w(v) ≡ |∂G(S)|(mod 2), for all S ⊆ V .
Proof. If S = V , thenv∈S w(v) is even and hence it has the same parity as 0. Let S ⊂ V and contract the induced subgraph
on V − S to a single vertex x to obtain a new graph G′. Then dG′(x) = |∂G(S)|, dG′(x) + v∈S w(v) is even and hence
v∈S w(v) ≡ |∂G(S)|(mod 2). 
Theorem 2. Let G be a k-edge connected graph with k ≥ 2.
1. If G has an edge e such that Fc(G− e) ≤ (1− 1/k)r, then Fc(G) ≤ r.
2. If r ≥ 3 is an integer and G has an edge e such that Fc(G− e) < r, then Fc(G) ≤ r.
Proof. 1. Let r ′ = (1− 1k )r , and e = xy be an edge of G = (V , E) such that Fc(G− e) = r ′.
If r ′ = 2, then we have show that r ≤ 2+ 2k−1 . Graph G− e is eulerian and hence the vertices x and y are the only vertices
with odd degree in G. Clearly, G− e is 2-edge connected. Thus, if k = 2, then we easily obtain a nowhere-zero 3-flow on G,
which is even better than 2+ 2k−1 . If k ≥ 3, then G− e is at least (k− 1)-edge connected. By Menger’s Theorem, there are
k− 1 internally edge disjoint paths Pi between x and y. Let P = (k−1i=1 V (Pi),k−1i=1 E(Pi)).
If k − 1 is even, then P∗ = P + e is a subdivision of a graph with two vertices which are connected by k edges, and
G− E(P∗) is eulerian. Hence Fc(G) ≤ Fc(P∗) ≤ 2+ 2k−1 .
If k−1 is odd, then P is a subdivision of a graphwith two vertices which are connected by k−1 edges, and G′ = G−E(P)
is eulerian. Thus G′ has a nowhere-zero 2-flow, and we assume that e is directed from x to y. Direct the edges of P such that
there are k/2 directed paths from y to x and (k− 2)/2 directed paths from y to x. Put flow value 1 on each edge. Then there
is a disbalance of+1 at x and of−1 at y. Since e is directed from x to y, this disbalance can be distributed on the k/2 directed
paths from x to y to obtain a nowhere-zero 2+ 2k -flow on G. Hence Fc(G) < 2+ 2k−1 in this case.
Let r ′ > 2. By Theorem 1, there is a balanced valuation f ′ on G− e = (V , E − e)with f ′(v) = k′v r
′
r ′−2 , and
v∈S
f ′(v)
 =

v∈S
k′v
 r ′r ′ − 2 ≤ |∂G−e(S)|, for all S ⊆ V . (1)
(*) Define a function f on G with f (v) = kv rr−2 , kx = k′x + 1, ky = k′y − 1, and kv = k′v if v ≠ x, y. We claim that
f is a balanced valuation of G. Assume to the contrary that this is not the case. Then, there is a subset S of V such that
|v∈S f (v)| > |∂G(S)|.
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If x, y ∈ S or x, y ∉ S, then |v∈S f (v)| ≤ |∂G−e(S)| = |∂G(S)|, which contradicts our assumption.
Thus, there is a proper subset S of V such that x ∈ S, y ∉ S, and |v∈S f (v)| > |∂G(S)| = |∂G−e(S)|+ 1. In the worst case,
it holds that |v∈S f (v)| = (1+ |v∈S k′v|) rr−2 , i.e. with our assumption we have
1+

v∈S
k′v


r
r − 2 > |∂G−e(S)| + 1. (2)
Eq. (2) is equivalent to |v∈S k′v| > r−2r (|∂G−e(S)| + 1− rr−2 ), and therefore it follows with Eq. (1) that
r − 2
r

|∂G−e(S)| + 1− rr − 2

<
r ′ − 2
r ′
|∂G−e(S)|. (3)
Eq. (3) is equivalent to ( r−2r − r
′−2
r ′ )|∂G−e(S)| < 2r . With r ′ = (1 − 1k )r it follows that |∂G−e(S)| < k − 1, and hence|∂G(S)| < k. This contradicts the fact that G is k-edge connected, and therefore Fc(G) ≤ r , by Theorem 1.
2. Let r ≥ 3 be an integer. There is an edge e = xy of G such that Fc(G − e) < r . Thus, by Theorem 1, G − e has
a balanced valuation f ′ with f ′(v) = τk′v , k′v ≡ dG−e(v)(mod 2), and τ > rr−2 . For S ⊆ V , let t ′S = |

v∈S k′v|. Thus
t ′S
r
r−2 < t
′
Sτ ≤ |∂G−e(S)|, for all S ⊆ V , and hence
rt ′S < (r − 2)|∂G−e(S)|, for all S ⊆ V . (4)
We define a function f as in (*) above and again we assume to the contrary that f is not the desired balanced valuation
of G, i.e. there is a set S ⊆ V such thatv∈S f (v) > |∂G(S)|. As in the proof of part 1, we obtain a contradiction if x and y are
both in S or both in V − S. Thus we may assume that x ∈ S and y ∈ V − S, |v∈S kv| = t ′S + 1, and |∂G(S)| = |∂G−e(S)| + 1.
Our assumption implies that (t ′S + 1) rr−2 > |∂G(S)| = |∂G−e(S)| + 1, and hence rt ′S > (r − 2)|∂G−e(S)| − 2. Combining this
inequality with Eq. (4) leads to
(r − 2)|∂G−e(S)| − 2 < rt ′S < (r − 2)|∂G−e(S)|. (5)
Since all terms are integers, it follows that rt ′S + 1 = (r − 2)|∂G−e(S)|. By Lemma 1, t ′S and |∂G−e(S)| have the same parity,
and hence rt ′S + 1 ≠ (r − 2)|∂G−e(S)|, a contradiction. Thus f is a balanced valuation of G, and G has a nowhere-zero r-flow
by Theorem 1. 
Corollary 1. For all 1 ≤ a, b, n, there exists an integer k such that Fc(G) ≤ 2 + ab , for every k-edge connected graph G with
Fc(G− e) ≤ 2+ a−1/nb , for an edge e ∈ E(G).
Proof. Let k = n(a+ 2b). Now the statement follows with Theorem 2. 
Corollary 2. Let G be a graph, and e be an arbitrary edge of G such that Fc(G− e) exists.
1. If G is a counter-example to Conjecture 2, then Fc(G− e) ≥ 3,
2. if G is a counter-example to Conjecture 3, then Fc(G− e) ≥ 4,
3. if G is a counter-example to Conjecture 4, then Fc(G− e) ≥ 5,
with equality if G is a minimum counter-example.
Proof. This follows directly from Theorem 2. 
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